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Abstract 

In this paper, we extend the result of Fujii on the second moment of 
S(t + h) — S(t) to longer range of h under the Riemann Hypothesis and 
an quantitative form of the Twin Prime Conjecture. 



1 Introduction 

Throughout this article, we shall assume the Riemann Hypothesis RH of the 
Riemann zeta function C(s). Let 



S(t) = -argC(i 

7T \ Z 



it 



F(x,T) 



x l<ri 7 • l w(7 — 7') with w(u) = — 

0<7,7'<T 



Here, 7 and 7' run over the imaginary parts of the non-trivial zeros of C( s )- I 11 
U|, Fujii applied Goldston's result [H] to obtain, under RH 



(S(t + h)- S(t)Y dt = - 
K 



Mog (T/2tt) 



cos a 



da 



+ 



F(a) 



T 



(l — cos (ah log ^— ) )da 



o{T) 



where 



and < h = o(l). 

To extend the above result to a longer range < h = O(l), one needs to 
improve the error term. The first step in this direction was accomplished in 
the author's [2] which improves the error term of the second moment of S(t) to 
0(T I log 2 T) under an quantitative form of the Twin Prime Conjecture TPC 
(see next section). We shall use the more precise estimates in [2] and [3] to 
prove 
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Theorem 1.1. Assume RH and TPC. Fix a large number A. 

rT 



(S(t + h)- S(t)) z dt 



7T 2 ./o a 71-2 J 1 



Ioglog2 + C - — (1- cos (ft log 2))-- / rfa 

Th f°° , . sin (ft log u) , T ^ v-^ 1 - cos (ftm logp) 

— 2"/ r w + — LL 

Jl m=2 p 1 

Tftsin(fti) T ft 2 (20 + 3ft 2 ) 3T f°° F{a) - F h {a) / T \ 

+ 7r 2 (4 + ft 2 )L + : ^ 2 Z 2 4(4 + ft 2 ) 2 ~ 1 h^L?J 1 ^ da + C; VI 2 J 

/or < ft < A. The implicit constant in the error term may depend on A. 
Fh(a) and r{u) are given by £/J) and 0) respectively. Co is Euler's constant. 

This prompts us to study 

^jm daand r F{a) - Fh{a) da. 



We have 

Theorem 1.2. Assume RH. For T sufficiently large, 

, F(a)-F h (a) 



i 



and 

0< / v y ; v ; da<6. 



i 



The author would like to thank Prof. Daniel Goldston for suggesting this 
problem. Here and throughout this paper, p will denote a prime number. A(n) 
is von Mangoldt's lambda function. Also, we have L = log T 



2tt ■ 



2 Preparations 

We shall use a strong quantitative form of the Twin Prime Conjecture (abbre- 
viated as TPC): For any e > 0, 

N 

E A(n)A(n + d) = &(d)N + 0{N 1/2+e ) uniformly in |d| < N. 

n=l 

&(d) = 2n p>2 (l - ^) Tl P \ d ,p>2 *=5 if d is even > and & ( d ) = if d is odd. 
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Also, we need to generalize F(x,T) to 

F h {x,T)= cos^-Y-^log^^-Y-Zi). 

0<7,7'<T 

Note that F (x,T) = F(x,T). From 0, 



(1) 



F fc (*,T)=! 



4 cos (ft log x) 8h sin (/i log x) 

logx - 



A + h 2 



T 



2ttx 2 



(4 + /i 2 ) 2 

t \ 2 r ■ 

2 log— + 0(xlogx)+0 

27T- 



,1/2- 



(2) 



for 1 < x < lo Js T under RH, and 



4 cos (h log x) 8h sin (h log x) 

log x - 



4 + ft 2 



(4 + ft 2 )' 



+ O(x) (3) 



for < x < T under RH and TPC. Define 



F h (a) = F h (a,T) 



for a > and a) = So, J5J) and ® can be summarized as 



4cos(/iLa) 8fasin(hLa) r— 1 

i+H 5 a ( 4+ /j2)2 ^ 

' > +0(aT a " 1 ) + 0(T-( 1 / 2 -^L- 1 ), 

4cos^L a ) Q + ( aTa -l L ~l^ 

Recall from jS], 



if < a < 1 - 31og logT 



if l _ 31 °s'°s T < a < 1. 

log T — — 



(4) 



k(u)={ (2b-4 COt (^)) . if 1^1 < 2^, 



1 

ill 2 



and fc(u) denotes the Fourier transform of k(u). One can easily check that k"(u) 
is bounded, piecewise continuous and <§C u~ A when u > Also, 



fc(0) = 0,fc(— =7r 2 ;fc'(0) = 0,fc' — =^ 5 -4vr 



2tt 

We need the following lemmas. 
Lemma 2.1. Let x = {T/2-k) 13 with /3 > 0, 



1 



2tt 



(5) 



E kh-^o g x)=—J_J(a) k (—) da - 



0<7,7'<T 



T 



647r 4 L/3 3 



ir 2 TF{/3) 
16L (3 2 

da. 
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Proof: This is essentially Lemma 2.6 of 0. 
Lemma 2.2. Let x = (T jlitf with /3 > 0, 

TL [°° „ t ^ f a ^ , n 2 TF h ((3) 
c^7 — 7 — rij lugxj =■ 1 

0<7,7'<T 



rri 7" /» CO 



16L /3 2 

T/*00 



64tt 4 L/3 3 7_ 00 v y V27T/3 

Proof: This is just very similar to Lemma \2. II above. We use the fact that 
k(u) is even. 

Lemma 2.3. 

f sin (hLa)k"(-^-) da =2(n e - 47r 4 )/3sin (hL0) ~ 4TT 4 hL(3 2 cos (/iL/3) 
Jo V27T/3/ 

- (2tt/iL/3) 2 / sin(/iLa)fc(-^-W 

Jo V27T/3/ 

Proof: Use integration by parts twice and iJSJ . 
Lemma 2.4. 

a cos (hLa)k" I — - <ia 
=2(tt 6 - 6tt 4 )/? 2 cos (hL/3) + in^hLfi 3 sin (/ii/3) 

-8n 2 hLf3 2 [ sin ( hLa) k (-?--) da - (2irhLl3) 2 [ cos ( hLa) k(-^-] da. 
Jo \2tt/J/ J \2tt/3/ 

Proof: Use integration by parts twice and J^J again. 

Lemma 2.5. 

-)da = 2(7r 6 -67r 4 )/3 2 

Proof: Set h = in Lemma |2~H 
Lemma 2.6. 

1 cos {hLa) cos (hL/3) cos /iL sin (hL(3) 

rfa =^^2 



V27T/3/ 



2(i 2 2 2/3 

hLsm(hL) (hL) 2 f 1 cos (hLa), 

H / da. 

2 2 ' 



Proof: Use integration by parts twice. 
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Lemma 2.7. 

1 sin (hLa) sin (hL/3) sin (hL) hL cos (hL(3) hL cos (hL) 
^ da= ^^ 3 + ^2 e 

(hL) 2 sm(hL/3) : (hL) 2 sm(hL) (hL) 3 C l cos (hLa) 





da. 



6/3 6 6 Jp a 

Proof: Use integration by parts thrice. 

3 S A and S 5 

We shall follow Fujii g| closely. Let x = (T/2ir)P with < /3 < 1. By Goldston's 
explicit formula of S(t) in [^] under RH, Fujii got (see p. 76 & 77 of 

/ T (S(* + h) - S(t)) 2 dt = S 3 + S 4 + S 5 + 0(a: l0 f l0ga: > ) + 0(log 3 T) 
Jo v lo S x ' 

where 

S 3 =^— T (k((l - l') log x) -k^-^-h) log x)), 

7T Z log X ' 

0<T,T ''<T 

S( = T_ E cos(Mogp)-W 2( logp _ togp x 

p<a; 

S 5= —Y^ cos(hmlogp) - 1 / 2 , mlogjK , mlogp 
7r 2 ' ^— ^ m 2 p m \ log a; log a; 

Here /(it) = ^ cot (22£) and fc(u) is defined as in the previous section. We note 
that with Euler's constant Co, 



V- =loglog U + C + V] (log (1 --) + -) +r(u), 

(6) 



. p ' \ P P 



I \ log" 

r(w) -C- 



under RH. Consider 

Si = V C0S ( M °gp) ~ I f 2 / IggP ^ S z = V cos(Mogp) - 1 / logp x 
' p V log x / ' ^-^ p V log x ) 

p<x P< x 

By partial summation, 

_ f x cos (hlogu) - 1 „ 2 /logitx . . ,2^1°g u \ i / \ 

Si = / 6 y f 2 (-^)du + (cos (/t log it) 1)/ f ; J dr(u) 

j 2 u log it viogx/ y 2 - VlogX/ 



So = 





cos (/i log 


;w) - 


1 


r 


It l0£ 
















cos (/i log 




1 


r 


It lof 


3 " 




S 2) l 


+ S 2: 2- 







f(^)du + n C os(hlogu)-l)f(^)dr(u) 
\logx/ J 2 - Vlogx/ 



5 



Then 

Si — 2X2 = — 2^2,1) + (^1,2 — 2X2,2)- 

As /(O) = 1, /(l) = and f(u) = 1 + 0(u 2 ), by integration by parts, 



log2, 



,log2, 



X1.2 - 2X2,2 = - r(2-)(cos(/»Iog2) - 1) / 2 (f^) - 2/(f^) 

L v log x ' v log x ' 

cos (ft log u) — 1 r , log u, log u 



ulogx 



-r 



2/(f^)f(f^)-2/'(^) 
log x log a; log x 

log u s ] sin (ft log u) 

loga;' 



du 



du 



log log 2 + Co - £ £ -^J (1 - cos (ft log 2)) 

m=2 p 



r(u) 



sin (ft log u) , ^ / 1 \ 



by / 2 - 2/ = (/ - l) 2 - 1 and Taylor series of log (1 + x). 



Xi 1 - 2X 



2.1 



cos (ft log u) - 1 f 2 TogM v _ dogu , 
log x log a; 



7 2 u log u 

1 — cos (ft log u) 



du 



L 



, ulogu 
13 1 - cos (hLa) 
a 



ir log U , 7T log M 
1 - — cot (— 



2 log x y 2 log x 



du 



1 — cos (ft log u) 



u logu 



du 



not 



2/3 COt W 



c?a + 



/ 

./o 



1 — cos (hLa) 



da 



a 



,log2/Z, 1 _ cos ( hLa ) , I v 

io a 



by substituting a = logu/L. Therefore, 



5 4 =- 



log log 2 + Co - E —^} (! - cos lo S 2 )) 



m=2 p 



J /I — cos (ftLa) T f 13 1 - cos (ftLa) 



T f 

+ / aa 

cos a , Tft [°° , sin (ft log u) 



L f 



n2 



T f hlog2 1 -cosa , Tft Z" 00 sinolog u) , 1 \ 

— / da~— r(u) ^ ^du + O -— 3 . 



da 



(7) 



G 



s, = 



1 — cos (hm log p) 



m=2 p m <x 



m 2 p m 



T 



E E 

771—2 p m <:c 
oo 

EE 



1 — cos (/im log p) / ,mlogp 
logx 

1 



m 2 p m 



1 — cos (ft,m logp) 



m 2 p m 



O 



m—2 p 

4 S3 

Applying Lemma 12. II and Lemma 12.21 we have 



/3 4 L 4 



5, 



r 



2tt 4 /3 2 J_ 
T 



/OO 
(F(a)-i^(a))fc(— Jda- 



T F((3)-F h (f3) 



= 5*3,1 + S3 9 — 5*3 3 



da 



From igj, 



> „ , s , /, ft- 2 * 8h sin (hLa) 
F(a) - F h (a) = (1 - cos (hLa))a H — cos (hLa)a + — . + E 



4 + /i 2 



(4 + /i 2 ) 2 L 



where 



E 



( T -(i/2- £ )a L -i) + o^T"- 1 ), if < a < 1 - 31 ff,ffi T , 

( T -(i/2- £ ) Qi -i) + o^T"- 1 ^- 1 ), if 1 



3 log log T 
logT 



< a < 1. 



Since F(a) and Fh(a) are even, 

/*oo 

Let er = 3 log log T j log T. We split the above integral into four pieces: 



/ = 



13 

Jfi 



1 — €t 



1 — €t 



= h+h+h + h- 
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By (fTUf) and the definition of k(u 
rP 1 - cos (hLa) 



h ={*PY 



ira , ira , 

1 cot( — ) 

2(3 v 2(3 ' 



da 



+ 



h 2 



A + h 2 
8h 



(4 + h 2 ) 2 Lj 

h =(tt/?) 2 / 
J0 

(TT(3) 2 8h 



/ a cos (hLa)k( — — )da 
Jo V ' V27r/3y 

(hLa)k^)da + 0((3~ 1 L- 3 ), 

cos (hLa) 



sin ( 



1_eT 1 - cos (hLa) , (tt/3) 2 ^ 2 ^"^ 

da H — : p5- 

q A + h 2 

l - €T sin(hLa) 



da 



(A + h 2 ) 2 L 







a 



-da + 0(L- 4 ), 



h =(tt/3) 



1 1 - cos (hLa) , (ir(3) 2 h 
'da-' 



2u2 /■! 



cos (hLa) 



i-e T « 4 + /t 2 y x _ 



da 



(4 + h 2 ) 2 Lj x _ 



h =(*P? 



F(a) - F h (a) 



da. 



Thus, 

T 

•53,1 =— IT 

T 



1 — cos (hLa) 



ira /7ra N 



da H - 

7T^ 



T f 1 1 - cos (hLa) 



da 



7T 4 /3 2 



/r 



4 + /i 2 Jo 



da 



8/i 



(4 + ^ 2 ) 2 L7o 
8T/i 

'tt 2 (4 + /i 2 ) 2 L ^ 



/ a 

:os (hLa)k[ 

v ; V27T/3 

• r, -r \, / a \ , 1 f 1 cos (hLa) 

sin (raLaj/c — oj a ' Q; 



tt 2 (4 + /i 2 ) a 



da 



1 sin (/iLa) , T /"°° F(a) - F fc (a) 



-da 



Apply @ and JTSJ directly, 



T cos (hL(3) Thsm(hL0) 



8L 2 (3 2 2(A + h 2 )L 2 (3 2 (A + h 2 ) 2 L 3 (3 3 
Similar to the treatment of 5*3,1, 

T 



-da + 0((3- l L 



0(L~ 



lr-2\ 



53,3 — 



167T 6 i 2 /3 4 Jo 

and we split the integral into four pieces: 



(H«)-F h (a))k»(^) 



da 



J 



J/3 



1 — €t 



J1 + J2 + J3 + Ji- 
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By Lemma O El and [23J 



Ji =2(7r e - 6tt 4 )/3 2 



4 cos (/ii/3) 
4 + /i 2 



167T 4 /isin (hLft) 



A + h 2 



ft 3 L 



32n 4 h 2 cos (hLft) 2 16(vr 6 - 4tt 4 )/i sin (hLft) 



(4 + /i 2 ) 5 



-ft 



(4 + h 2 ) 2 L 



ft 



Wir 2 h 2 
4 + h 2 
128n 2 h 



ft 2 L 2 / a cos (hLa)k( )da 

Jo v 27T/3 / 

0^L f ^hLa)k{^)da + O^L- 



By Lemma I2T5I and 12771 



J 2 + J 3 







4 cos (hLa) 8hsm(hLa) 
a : — — a ' 



4 + h 2 
12tt 4 (/? 2 - /3 4 ) 



[A + h 2 ) 2 L 



24tt 4 /3 4 



■da 



16tt 4 (12 + /i 2 )cos(/iL/3) 
(4 + h 2 ) 2 



ft 2 



16tt 4 (12 + h 2 ) cos (hL) 4 16/i(12 + /i 2 )tt 4 sin (hLf3) 3 

P H 7~j ,|,n P A' 



(4 + h 2 ) 2 
16/i(12 + h 2 )n 4 sin (fti) 
(4 + /i 2 ) 2 



/3 4 L 



(4 + /i 2 ) 2 
647r 4 /isin 
(4 + /i 2 ) 2 L 



P 1 



647r 4 /isin(/ii) 4 16tt 4 /i 2 (12 + h 2 ) 4 2 f 1 cos (hLa) 
' (4 + h 2 ) 2 L P + P L 



J 4 = 24tt 4 /? 



(4 + /i 2 ) 2 

F{a)-F h {a) 



da + 0(L- 2 ). 



da. 



Thus, 



5 : 



T 



3T 



3,3 



T cos (hL(3) 8Thsm(hL/3) 



8ft 2 L 2 Att 2 L 2 2(4 + h 2 )L 2 (3 2 tt 2 (4 + h 2 ) 2 f3L 

Thsin(hLft) T(12 + h 2 ) cos (ft,L) 77i(12 + fr 2 ) sin (/iX) 



(4 + /i 2 ) 2 L 3 /3 3 n 2 (4 + h 2 ) 2 L 2 
ATh sin (/iL) 



7T 2 (4 + /l 2 ) 2 L 



Th 2 



n 2 (4 + h 2 ) 2 L 3 n 4 (3 2 (4 + h 2 ) 



/ acos(hLa)k( )da 

Jo ^TTpV 



8Th 



ir 4 fJ 2 (4 + h 2 ) 2 L J 
Th 2 (l2 + h 2 ) f 1 cos(hLa 



/ sin (hLa)k( ]da 

Jo ^ft J 



n 2 (4 + h 2 ) 2 J 



■da 



3T 
2tt 2 L 2 J 1 



F{a)-F h {a) 



da + Oift- 1 ^ 4 ). 
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Finally, combining the results for 83,1, 63,2 and 63,3, we have 

T f p 1 - cos (hLa) f na /™xl 2 , T f 1 1 - cos (hLa) 



/ " 1 -^ cot ^) da + — 

Jo a I 2(3 y 2(3'\ ir'Jp 



da 



a 



T f 00 F(a) - F h (a) , ThsvathL) 3T T(12 + h 2 ) cos (M,) 
' da ■ 1 



7T 2 a 2 tt 2 (4 + /i 2 )L 4tt 2 L 2 tt 2 (4 + /i 2 ) 2 L 2 

2ix 2 L 2 A a 4 aa + U[p 



as 

^sinf/iLa) , ... sm(hL8) , f 1 cos (hLa) , 
/ i-5 — -da = - sin H — — + hL -da. 

Remark: We keep some of the 0(TL~ 2 ) terms explicit because, with more effort, 
one can make the error term = C\TL~ 2 + o(TL~ 2 ). 

5 Proof of Theorem 11.11 

Take (3 — 1/2. Combining the results on S3, S4 and 5s, we have 

(S(t + h)- S(t)) 2 dt 

T f 1 1 - cos (hLa) , T f°° F(a) - F h (a) , 
da H — - / n da 

../ilog2 



2 / 2 . 

71" JO a T Jl 

T 



Ioglog2 + C - V 1-cos (Mog2 - — / da 

m—2 p u 

77i f 00 , .sin (Mogul , T ^ 1 _ cos (hm log p) 

~~ 7 / r \ u ) du H — „ > > 5— 

tt 2 Jo u it 2 m 2 p m 

J 2 m=2 p 1 

Thsm(hL) T h 2 (20 + 3h 2 ) 3T f°° F(a) - F h (a) , n /T\ 

' -eta + CM — 



tt 2 (4 + /i 2 )L tt 2 L 2 4(4 + /i 2 ) 2 2vr 2 i 2 7 X a 4 VL 2 / 

which gives the theorem. Again, one can make the error term = G\TL~ 2 
o(TL~ 2 ) with more effort. 

The theorem improves that of Fujii 0] as 



h is allowed to be 0(1). 

All the terms besides first two contribute 0(Th 2 ) + 0(TL^ 2 ). 
It is conjectured in [2] that 
4 cos (hLa) 

Fh(a) — F(a) — 5 h o(l) for 1 < a < A with arbitrary large A. 

4 + h z 



(11) 
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Furthermore, as 



El - cos(Mogp) f x 1 - cos (hlogu) , / , 
— = / J: °—Ldu + / 1 - cos (h log u)dr(u) 
p J 2 ulogu l~ 



p<a: 
eh lo 



2" 



/ — rem rv 

/ -da-r(2 _ )(l-cos(^log2)) 

Jh loe 2 a 

sm(Mog^) dM + /logxN 
u V A /x / 



Theorem 11.11 gives 

rT 

(S(t + h) - S{i) f dt 



T f 1 1 -cosf/iLa) , T f°° F(a) - F h (a) , 
da H — t / ^ «ct 



2 / 1 9 

oo 



^ Tv^ 1 — cos (/im log p) „.,, . . , ,, , . _ 

— \Z2Z2 2 m + C ' ftl Og^) ~ log (ft log g) - Co 



m—l p m <x 

Th sin (hL) T h 2 {20 + 3h 2 ) 3T f°° F [a] - F h {a) r T \ 

+ ir 2 (4 + h 2 )L + it 2 L 2 4(4 + h 2 ) 2 ~2^ 2 L 2 J 1 ^ VI 2 " J 

where Ci(x) = - Zf±dt = C + logx + f£ ^j^-dt is the cosine integral. If 
we assume Montgomery's conjecture jS] on F(a) and Ijllfl . the first two terms 
account for the GUE part of Berry's formula (19) conjectured in pp by a similar 
calculation as page 79 of Moreover, the third term is the non-GUE part of 
Berry's formula. So, our theorem is even more precise than Berry's formula. 

6 Proof of Theorem 11.21 

First, let us consider 

L(M)= £ l + (*-7) 2 

0< 7 <T 1 + [Z 

where the sum here is over of the imaginary parts of the non-trivial zeros of the 
Riemann zeta function. 

Lemma 6.1. For all a and h, we have 

F h (a) < F(a). 

Proof: First, by partial fractions and Cauchy's residue theorem, 

1 , 2tt 

-dt 



(1 + (* - a) 2 )(l + (t - 6) 2 ) 4 + (a -b) 2 ' 
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Then 



0</ \L(x,t) -L(x,t- h)\ 2 dt 



1(7-7') 



E 

0<7,7'<T 

- 2Re x 

0<7,7'<T 

-ttF(x, T) — nFh{x, T) 



-oo (l + (t-7) 2 )(l + (<-7') 2 ) 



dt 



i(r/—~t'—h) 



1 



(l + (t- 7 ) 2 )(l + (i-^-7') 2 ) 



dt 



Set a; = (^r) Q and divide through by S^r, we have the lemma. 

Assuming RH, Montgomery jS] proved that, for fixed < [3 < 1, 



0<7,7'<T 



2 



^(7-70-1 + 1 (12) 



as T — > c» . This also holds for /3 = 1 by Goldston [5] . Using (JSJ , one can prove 
similarly that for fixed < j3 < 1, 



1 u 



E 

0<7,7'<T 



sm 



2 



10(7 — 7 — /i) 



^ sin {hL[3) 



(13) 



^-l-cos(^) 



/3 4 + /i 2 



(/iL/?) 2 



as T — > oo under RH only (similar to or using Lemma 7 of [J] in the argument 
of Chan 0). Note that 2^^ — 1 — cos a; < ^ by simply looking at their Taylor 
series. We also need the following 

Lemma 6.2. For any real number c, 

rc+l 



F h {a){l - \a-c\)da 



c-l 



^2 cos (^(7 - i - h)c) 

0<7,7'<T 



sm 



(*,—y'-h)L -i 2 



(7- 7 '-/i)£ 
2 



U)(7 - 7' -/l), 



c+1 



F(a)(l~ |a-c|)da 



e-1 

■(£r 



0<7,7'<T 



E (^) ic(7 - y) 



sin 



(l--l')L -1 2 



(7- 7 ')L 
2 



U)(7-7'). 
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Proof: The second one follows from the first one by setting h — 0. To prove 
the first one, we have, from the definition of Fh(cx), 



r+l 



c-1 



F h (a)(l - \a-c\)da = / F h (a - c)(l - \a\)da 



0<7,7'<T 



cos (L(7 — 7' — /i) (a — c))(l — \a\)daw(j — 7' — h) 



J2 2cos(L(7-7'-^)c) 



1-cos (£(7-7' ~h)) , 
2 111(7-7 -/i) 



((7-7'-/i)L) 2 

by integration by parts. This gives the lemma as cos 2a; = 1 — 2 sin 2 x. 

Note: (|12fl and l|13|) can be proved by setting c = in Lemma l5~2l and using 
the asymptotic formulas for F(a) and Fh{a) like J5J. 

Lemma 6.3. Assume RH. For anj/ e > and T sufficiently large, 



< 



1 16 
(F(a) - F h (a)) da<—+ e 



uniformly for any real number c. 

Proof: From Lemma ft). II we have F(a) — Fh(a) > 0. This gives the lower 
bound as well as 



c+1/2 



'c-1/2 
So, by Lemma ft). 21 

-1/2 



c+l 



(F(a) - F h (a)) da < / (F(a) - F h (a)) (1 - |a - c|) da. 



c-l 



/ (F(a)-F fc (a))da<2(— ) £ 



0<7,7'<T 



(7-7')^ 



0<7,7'<T 



( 7 -7')L 
2 



( 7 -7'-/t)L 
2 



tu(7 - 7') 

117(7 — 7' — /l). 



Now, using and (O with /3 = 1 and 2^^ - 1 - cos x < the right hand 
side of the above inequality is 



„/4 e 
< 2 - + - 
- 3 4 



/4 e\ 16 

2 (3 + 4 ) = y +e 



16 



when T is sufficiently large. 

We are now in the position to prove Theorem 1 1.21 By Lemma 16 . 1 1 and 16.31 



< 
Similarly. 
0</ 



F(a)-F h (a) 



a' 



~ 1 r c+1 7T 2 



F(a) - F h (a) 



00 1 r +1 7T 4 

da ^Y,-i) {F(a)-F h (a))da<5A—<6. 
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